What Are These Things
Called Variables?

By SIGRID WAGNER, University of Georgia, Athens, GA 30602

e all know some of the problems that
- beginning algebra students have in
working with literal symbols, or variables.
Two articles in this journal (Herscovics and
Kieran 1980; Rosnick 1981) have discussed
certain difficulties related to variables and
have offered suggestions for overcoming
them. ]
One of my favorate algebra stories high-
lights another misconception about vari-
ables:

The topic of the lesson was '*consecutive
integer” word probleéms. The'teacher was
trying to prepare students for thée x,
x+1, ... literal symbolism by starting
with a numerical example. “What is the
next consecutive integer after 17?” she
asked. A student replied, “Eighteen.”
Knowing that the representation for
adding 1 would trouble the students, the
teacher sagely asked, '"What do we have
to do to 17 to get 187" *Add 1,” came the
reply "Gggd,", encouraged the teacher.

oﬁgsupmse ‘we use xr to represent an
u.nknown ‘integer. How can we write the
next consecutive integer after x? That is,
how can we represent the number we get

“‘when we addTtox? Without hesitation, -

the response was, "'y.”

This confusion between the linear order of
the alphabet and the linear ordering of
whole numbers is a common mistake for
students who are just being introduced to
literal symbols (Wagner 1981). Yet, as this
true story succinctly illustrates, even .stu-
dents who are fairly well acquainted with
literal symbols can succumb to a seemingly
natural temptation when bewildered by a
new situation.

The question is, why are literal symbols
easy enough for elementary students to.use,
yet hard enough to cause problems for ad-
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vanced students? Recent research has iden.
tified several factors that make literal sym.
bols easy to use but hard to understand.
Many of these factors can be grouped under
two main headings: ’

1. Literal symbols are like numerals, only
they are different.

2. Literal symbols are like words, only they
are different.

w

Literal symbols (are) easy
to use but hard to
understand

O R e T rarr- e v

That is, literal symbols have certain
characteristics similar to numerals, other
characteristics similar to words, and still
other characteristics that are uniquely
their own.

When students first encounter literal
symbols in the elementary grades, it is
surely good pedagogy to point out some of
the characteristics that these new symbols
share . with. numerals-.and ..words—two
symbol systems the students are already
familiar with. However, some students may
then overgeneralize and assume that literal
symbols are just a new notation for some
old ideas. As time goes.by, these students
work with literal symbols in increasingly
varied and more powerful ways, but they
may fail to apprehend the unique properties
of literal symbols that give mathematical
language much of its precision, generality,
and flexibility.

Let us, then, consider some important
characteristics of literal symbols. The more
characteristics we can identify, the better
able we are to devise teaching strategies to
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help students understand and appreciate
these things we call variables.

Letters Are Like Numerals,
Only Different

Similarities. Besides the coincidental
ordering of letters and numbers already
mentioned, there are several other simi-
larities between literal symbols and numer-
als. For one thing, a few letters, like n and
e, actually are numerals because they are
standard symbols for numbers that have no
simple digital representations.

Another similarity between letters and
numerals is that they often appear together
in mathematical statements. In fact, one of
the first ways that students see literal sym-
bols used is in -open sentences, like
n+ 3 =17 or 46 — x = 28, in which the let-
ters appear-right along with numerals, op-

eration signs, and relational symbols. In-

other words, the letters look as though they
must behave just like numerals.

Solving these opén sentences for “the
(true) value” of n or x may suggest to be-
ginning algebra students the most telling
similarity between. letiers and numerals,
namely, that a léetter can actually serve as
a temporary numeral, the symbol you write
until you figure out what the missing
number is and can write the real numeral.
It is only later, when students learn about
replacement sets and truth sets, that the
limitations of intérpreting letters as numer-
als become obvious. It is then that students
should begin to realize that literal symbols
are more than just fancy numerals ‘

Differences. Mathematically speaking,
the most signifieant differerice between-let-
ters and numerals is the one just alluded
to—that numerals represent a .single
number but letters can represent, simulta-

neously yet individually, many different

numbers, asin0 < n <20 ory =3z + 2. It is
this property of simultaneous repre-
Sentation that we refér to when we call
literal symbols variables, knowing full well
that some of these symbols may, depending
on the context, represent single unknown
humbers or even constants! It is this prop-
erty of simultaneous .representation, in
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combination with some other character.
istics of literal symbols to be mentioned in
the next section, that gives mathematical
language its capacity for making very gen-
eral statements—definitions, axioms, theo-
rems, formulas, and so on—in concise and
unambiguous form.

Another difference between letters and
numerals actually starts out as a similarity,
that is, both letters and numerals can be
used to identify, or name, many things be-
sides numbers. For instance, we may name
a point P or call a function g in much the
same way that we identify a post office box
by its number. But, there i3 a subtle differ-
ence: generally speaking, . identification
numbers (numerals) are:used to label specif-
ic, fixed elements of a‘set, whereas literal
symbol names are more often used to identi
fy random, variable elements. The teﬁ@

TalanT . malies 3 VReT . tese oo SO Nhogelt

. w

‘We could never compile a

dictionary of the “meanings’
of literal symbols.

we tend to use letters rather than numerals

to-represent’ gerieralized elements is prob-
ably. twofold: (1) letters look like abbrevi-
ated names and thus are easy even for
young students to interpret naively, and (2)
we know that letters will be used to repre-
sent numerical variables later on, so we do

Hiot higsitate t6 use letters to name other
kinds of variable elements as soon as it is_

convenieiit and réasonable to do so.
Marilyn Matz (1979) has pointed out two
other differences between letters and nu-
merals. One is the juxtaposition convention
that we use with letters and numerals to
indicate multiplication, as in 3mn, in con-
trast to the place value interpretation that
we give to numerals alone, as in 347. Of
course, the reason that the juxtaposition
convention works is that letters and numer-
als come from different symbol systems, and
letters can represent numbers having either
single-digit or multidigit numerals. There-
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fore, an expression like 3mn can be inter-
preted unambiguously as the product of 3,
m, and n. : i

The other difference mentioned by Matz
is that the signs attached to literal symbols
do not always match their value, as they
would with numerals. That is, x may repre-
sent' a negative number and —x may be
positive. This sign perversity of literal sym-
bols makes one of the standard definitions
for absolute value

lxj=xifx>0
Jx|=—xifx'<0

virtually incomprehensible to many stu-
dents.

Letters Are Like Words,
Only Different

Similarities. One outstanding similarity
between letters and words is that both can
act as placeholders in certain expressions.
For example, in the sentence, “He is a
mathematics teacher,” the pronoun he can
be replaced by the names of different men
to obtain verbal statements.that are either
true or false, just as the x in %* 4+ 2r =3

~ can be replaced by pumerals for different
numbers to obtain mathematical statements
that are either true or false. -

This placeholder property is so impor-

tant that it has led more than one writer to
claim that literal symbols are essentially
just lik_é:{-.{verbal expressions (Beberman
1964; Hockett 1967; Russell 1940; Tarski
1941). As we shall see, this claim overstates
-the similarity-between letters .and words

edly helpful to beginning students. How.
ever, Peter Rosnick (1981) conjectures that
algebra students may be seduced into
making certain kinds of errors by thinking
of, say, a as representing apples, when, in
fact, a properly represents the number of
apples.

A third similarity between letters and
words is that they can both mean different
things in different contexts. That is, the
meaning of the word run and the meaning
of the letter x both depend on the contexts
in which they are used. (The meaning of a
literal symbol is derived from its role [as
name, unknown, indeterminate, parameter,
etc.], its domain of values, and its associ-
ated truth set [if used in an open sentence).)
This similarity is often taken for granted
and may seem significant only when con-
trasted with the differences.

- Differences. Although letters and words
are similar in that they may assume differ-
ent meanings in different contexts, they
differ with regard to their consistency of
meaning throughout a single context. Ac-
cording to mathematical convention, the

‘meaning and, in particular, the value

dscribed to a literal symbol must be the

same wherever that symbol appears in a

given context. That is, in substituting
values for x in the sentence
3(x + 2) + 5 =17 ~ 2x, the same value must
be substituted wherever x oceurs,

This is not true for verbal expressions.
Identical words or phrases may refer to dif-

ferent things within a single sentence. Col. .

and understates the power of literal sym-

- bols. Nevertheless, students need to under-
stand the placeholder property in order to
appreciate the generality and flexibility of
literal symbols, two ideas that we shall con-
sider in more detail shortly.

Another similarity between letters and
words has already been mentioned, namely,
that Jetters are often chosen to suggest ab-
breviations for words as, for example, when
n is used to represent the missing number in
3+n=>5. This technique of selecting let-
ters to suggest what they stand for has
strong pedagogical appeal and-is undoubt-
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loquial examples of this phenomenon are

easy to _generate: "His_leg became numb

during the last leg of the flight.” But, even
in mathematical contexts, the same verbal,
expression can refer to different things.
Consider, for example, the proposition,
“The sum of an odd number and an even
number is always an odd number.” Except
for the instance in which zero is the even
number, we all (somehow) know that the
corresponding values of the first and
second occurrences of the phrase an odd
number are, in fact, different. It is only
through & logically- rigorous translation of
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this verbal proposition into mathematical
language,

VxVy(x is odd A y is even—
3z(z = x + y Az is odd)),

that our tacit understanding becomes ex-
plicit and different literal symbols are used
to represent each occurrence of the phrase
an odd number.

The most significant differences between
letters and words stem from letters not
being associated with fixed sets of mean-
ings the way words are. That is, we could
never compile a dictionary of the meanings
of literal symbols as they are used in math-
ematics. Instead, we are free to delimit the
meaning and, in particular, the domain of
most literal symbols in any way we wish—
the freedom of delimitation property. Con-
versely, we are free to choose almost any
literal symbol to represent a given

The freedom of choice .
property of literal symbols
1s what gives mathematical
language so much flexibility.

e

referent—the freedom of choice property.
(Mathematically, the referent.forsasliteral
symbol is its domain, of Feplieement set:
Psychologically, the referent for a literal
symbol in an open sentence tends to be its
truth set.) )

The freedom of delimitation property of
literal symbols is what gives mathematical
language so much generality. Because-liter-
al'symbols can be used to represent any set

whatsoever, a single statement can,-once.

and Jor all, define a concept or assert a re-
lationship. Changes in the referent do not
Necessitate changes in the literal symbol
used to represent the referent.

As for verbal expressions, a given word
or phrase can automatically restrict the ref-
erent set and thereby limit the generality of

a Sta.tement, For example, in the sentence,
Heisa matheniatics teacher,” the referent
8et for the pronoun he is implicitly re-
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stricted to males. If the referent set is ex-
panded to include females, the word he
must be changed to an expression that can
represent both males and females.

In contrast, the sentence, “x is a math-
ematics teacher,” can refer not only to
males and females, but even to computers.
The literal symbol x imposes no inherent
restriction on the generality of the state-.
ment and allows us the freedom to delimit
the domain of discourse as we see fit.

Literal symbols grant the freedom of de-
limitation because letters, in and of them-
selves, are not saddled with the connotative
baggage that verbal expressions convey. It
is true, of course, that certain letters have
acquired context-specific  connotations
through long traditions of usage. For exam-
ple, in the absence of instructions.to the
contrary, we customarily consider x to be
the independent variable and y to be the
dependent variable in statements of func-
tional relationships. We adhere to these
conventions to save ourselves the trouble of
delimiting the interpretation of each letter
every time we use it. Nevertheless, we can,
and often do, violate such traditions of
usage by simply specifying the role and ref-
erent of a letter to suit our purposes.

The freedom of choice property of literal
symbols is what " gives mathematical

-language so much flexibility. That theré are
‘many freely interchangeable literal symbols
‘to represent any given referent (infinitely

many, if we count subscripted variables: a,,
@, a3, ...) means that changes in. literal
symbols do not necessarily imply changes
in the referent. Thus. we can substitute
equivalent-expressions;—as~inr-the=compo-
sition of functions, to deduce logical re-

lationships among-variables ‘without-alter- -

ing either the actual or implied meaning of
the literal symbols. (If y=2x+3 and
z=0y—"T,thenz=52x+3)—17.)

With verbal expressions, the nature of
the elements in a set definitely limits the
words and phrases that can be used to refer
to that set. Consequently, changing a
verbal expression nearly always - implies
some change in referent. For: instance,
changing: he or she in the sentence about
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mathematics teachers changes the referent
set from males to females. ‘

Of course, not all changes in verbal ex-
pressions are quite so dramatic as changing
he to she, but even supposedly synonomous
words and phrases imply subtle changes in
referent. That is, he is not the same as this
man who, in turn, is not the same as that
man. Examples-of words and phrases that
mean exactly the same thing are rare
indeed.

In contrast, 4, or T, or almost any other
letter (except I, perhaps) would do just as
well as x to symbolize the elements in a
set of mathematics teachers. Here again,
we .often follow certain conventions in
choosing hteral;»&zym@_ls in order to save
time and to give 2 students a certain sense of
consistency. Nevertheless, we always have
the flexbility of contravening traditions of
-usage whenever we find it useful to do so.

Teaching Suggestions

How can we, as teachers, help students de-
velop a better understanding of literal sym-
bols? First, we ourselves need to be aware
of the myriad ways these symbols are used
and recognize the particular characteristics
they exhibit in various contexts. Next, we
need to alert students to the properties of
literal symbols and point out which charac-
teristics may be similar to words or numer-
-als-and which characteristics are unique to_
the literal symbols themselves.

If-we .want_students to_gain a real ap-
preciation for the power of literal symbols
and yet not be overwhelmed by a lengthy,
and probably meaningless, discourse on
their various characteristics, then we need
to introduce these ideas gradually as differ-
ent uses of literal symbols appear in the
cwrriculum. For example, in the early
grades, when we use P to label a point or N
to stand for a number, we can say that
these letters are like abbreviations for
words. Later, when we use arbitrary letters
as labels, we can explain that these letters
are like names for things. When we start
using arbitrary letters in numerical con-
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texts, we should mention that there is no
connection between alphabetical order and
numerical order.

As students move to the level of algebra,
they should begin to realize that a letter
behaves like a numeral in that it may repre-
sent a single number and may be subject to
numerical operations and relations; they
must also realize that a letter behaves very
differently from a numeral with regard to
the juxtaposition convention and the sign
of the number. They should recognize that
a letter is similar to a word in that it.can
mean different things in different contexts,
but a letter is different from a word in that
it must refer to the same thing throughout
a single context.

Considering the placeholder analogy be-
tween words and literal symbols can help
students appreciate that letters often repre-
sent many different numbers simultaneous-
ly. It is at this‘point that we can discuss the
freedom of delimitation property of literal
symbols, and we can contrast the generality
of letters with the connotative richness of
verbal expressions.

We should further point out to students
that delimiting the domain of a literal
symbolis not only a prerogative but also an
obligation—an obligation that some text-
book authors either overlook or fail to
make explicit. We should assist students in
determining the domains of literal symbols
as they are used in textbook exercises and
explain .that. an_unspecified domajin_is gen-.
erally assumed to be the real numbers.

The freedom of choice property. of literal
symbols seems to be an idea that students
are quick to recite but slow to internalize.
That is, many students who say that differ-
ent letters can be used to represent the
same thing often seem to believe that differ-
ent letters must represent different things.

For example, some prealgebra and be-
ginning algebra students seem to think that
changing the literal unknown in an equa-
tion may also change the solution (Wagner
1981). We might check for this miscon-
ception by asking students to solve a given
equation, then writing the same equation
beside it with a different unknown and
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asking them for the solution to the second
equation, without solving.

Later in the algebra course, when we
give numerical illustrations of number
properties, like the associative law or dis-
tributive law, we can use some examples in
which different letters have the same value.
Naturally, we want to emphasize the gener-
ality of number properties by picking arbi-
trary (and usually different) values for each
letter in a statement. But, if we always
avoid the special cases in which two or
more of the letters have the same value, we
may inadvertently reinforce the false
notion that different letters represent dif-
ferent numbers.

In closing, I should mention that the
advent of computers has presented students
with a usage for literal symbols that often
appears contradictory to the traditional
mathematical usages—namely, the recur-
sive use of letters as epitomized in the in-
dexing statement n =n + 1. Research is
currently under way to investigate the
effect that computer programming experi-
ence may have on students’ overall under-
standing of literal symbols.

Other current research is following the
lead of Menger (1956), Collis (1975), and
Kiichemann. (1978) in trying to catalog the
various uses of literal symbols in mathemat-
ics. Obviously, it will be some time before:
we bhave a complete picture of what these
things are that we call variables. Of course,
as teachers, we cannot afford to wait for all
the answers. We can, and should, start
today to help students overcome the diffi-
culties that have already been identified.
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